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Abstract. We construct the hypergeometric solutions for the quantized Knizh- 
nik-Zamolodchikov equation with values in a tensor product of vector represen- 
tations of Uq{sln) at |g| = 1 and give an explicit formula for the corresponding 
determinant in terms of the double sine function. 
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Introduction 

In this paper we study the hypergeometric solutions of the quantized Knizhnik-Zamo- 
lodchikov {qKZ) equation with values in a tensor product of vector representations of 
Uq{sln)i see Section 1 for the precise formulation of the problem. It is known that the 
qKZ equation respects the weight decomposition of the tensor product. For each weight 
subspace we construct a fundamental matrix solution of the qKZ equation and explicitly 
calculate the corresponding determinant, see Theorem |3.1| . 

Formal integral representations for solutions of the qKZ equation in the sin case, 
both in the rational and trigonometric situation, were constructed in |[1'V1|| . Though 
to write down the phase function explicitly in the trigonometric situation it had been 
assumed in [P?V1|| that the multiplicative step p of the qKZ equation is inside the unit 
circle: < |p| < 1, all the construction in [[rVl|| used only difference equations for 
the phase function and after obvious modifications remained valid for an arbitrary step 
p 7^ 0, 1. However, the problem of integrating the formal integral representations suitably 
and getting in this way actual solutions of the qKZ equation is much more analytically 
involved; one can see this looking at the s/2 case. 

In the last four years the hypergeometric solutions of the qKZ equation in the s/2 case 
were studied quite well. The generic situation was considered in |[1'V2|| (the rational case) 
and in ||TV3|| (the trigonometric case for Q < \p\ < 1) . The construction was generalized 
to the trigonometric case for \p\ = 1 in ||MT1|] and to the elliptic case of the quantized 
Knizhnik-Zamolodchikov-Bernard (qKZB) equation in ||FTV1|| , |[1''TV2 



If some of the representations are finite-dimensional, the situation is no more generic. 
Rather detailed study of this case has been done in [[[V1V1|| ; see also [^, [ |JK1V1Q|| , ||MP'l 
Tl for some important particular cases. 
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Less is known for the case of n > 2. 



qKZ equation were obtained in 



Some integral formulae for solutions of the 
|N|| , ||MT2|] , but in all the considered cases 
solutions takes values in a tensor product of vector representations. Recently Varchenko 
and the third author have managed to extend the costruction of [p? V2|| , |p?V3|] to the 
higher rank case and get solutions taking values in a tensor product of arbitrary highest 
weight representations |P?V4|| . Let us also mention a paper |@, where integral formulae 
for solutions of another type of the qKZ equation were suggested. 

In this paper we evaluate a determinant of a certain matrix whose entries are given 
by multidimensional integrals of g-hypergeometric type. In the case of ordinary multidi- 
mensional hypergeometric integrals a problem of evaluating similar determinants appears, 
say, in studying arrangements of hyperplanes, and several results have been obtained in 

jVl, [0, [0], pTV| , |MV2| . In some partic- 



this direction, see for instance 
ular cases these determinant formulae have another meaning; namely they imply that 
under certain assumptions the hypergeometric solutions of the differential Knizhnik-Za- 
molodchikov equation form a basis of solutions |5V], [V2]. There are similar determinant 
formulae for solutions of the qKZ equation in the s/2 case. They have been obtained for 
the rational case in [P? V2|| , [P?l|| , and for the trigonometric case in [P?V3|| for < |p| < 1 
and in | |M'1'1| ] for |p| = 1. It turns out that there is a nice connection of constructions 
given in 
for \p\ = 
elsewhere ||T2 



TV3|| and ||MT1|| , which in particularly allows to derive the determinant formula 



1 from the determinant formula for < |p| < 1. This subject will be addressed 



The paper is organized as follows. The first section contains preliminaries and precise 
definitions on the qKZ equation. In Section 2 we construct the hypergeometric pairing 
and give integral formulae for solutions of the qKZ equation. The main result of the 
paper is formulated in Section 3, see Theorem |3.1| . We show that both the left hand side 
and the right hand side of formula (|3.2|) satisfy the same system of difference equations 
and have to be proportional. To compute the proportionality coefficient we study suitable 
asymptotics of the hypergeometric solutions. We see that the proportionality coefficient 
splits into a product of contributions of each tensor factor, which are calculated in Section 
5. In the last Section we complete the proof of Theorem |3.1|. A short Appendix contains 



the necessary information of the double sine function for the convenience of the reader. 
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1 The quantized Knizhnik-Zamolodchikov equation 

Consider the vector representation V of s/„: 

n-l 
j=0 

Let ei, . . . , e„ be the fundamental weights of s/„. We consider the basis vectors vo, . . . Vn-i 
as weight vectors with respect to the Cartan subalgebra of sin with weights ei, . . . ,e„, 
respectively. 



Fix a complex number p and a weight fi = J2 f^j^j- Consider a diagonal matrix 

i=i 

D{fx) = diag(e2"'^\...,e2"''^") 
and a matrix R^p\i3) E End(V" ® V) with the following entries: R^f\l3y/j = 1, 

sh^/? 



for j ^ k, 



ef^sh^ e-p'^sh^ 
^"'(WS - - . - - (1.2) 



for j < k, and i?*^''-' = 0, otherwise. We have 



= E ^^'^/3);™^,®^fc• 
Fix a complex number A and define the qKZ operators Ki''^ , . . . Kj^'' acting in the 
tensor product V"®^: 

X DU-fi/p) i?;^Jv(/5m -M--- Rt]m+i{l3m - . (1.3) 

In this paper we consider the qKZ equation for a function f{Pi, . . . , Pn) taking values in 
Y<»N ^ which is the following system of difference equations: 

f{P^,...Pm-Xt,---PN) = K^j:\Pu---,PN)fiPi,...,PN), m = l,...N. (1.4) 
We also consider the mirror qKZ equation for a similar function g{l3i, . . . , (3^): 

g{f3,,...(3m-p^,...M = K^J:\f3i,---,M9iPi,---,M, m = l,...N. (1.5) 

The qKZ operators respects the sin weight decomposition of the tensor product. There- 
fore, one can consider solutions of the qKZ and mirror qKZ equations taking values in a 
weight subspace (V^^)^ for any given weight ^. 

In this paper for any given weight ^ such that (V^^)^ is nontrivial we will construct a 
function \l/^(/?i, . . . , Pn) taking values in (y®-^)^<^(y®'^)^, which solves the qKZ equation 
( |1.4[ ) in the first tensor factor and solves the mirror qKZ equation ( [L.5| ) in the second 
tensor factor. Also we will compute the determinant det ^'^(/9i, . . . , Pn)- 

The matrix R^f\P) is the i?-matrix associated with the tensor product of the evalu- 
ation vector representations of Ug{sln) for 

q = e p" . 

Similarly, R^^\P) is associated with Uqi{sln) for 



All over this paper we assume that p and A are real positive. Thus, under our assumptions 
we have that 



1. 



However, it is clear from the consideration that all our construction remain valid if p and 
A have small enough imaginary parts of arbitrary sign. Therefore, q and q' can deviate 
from the unit circle and vary in a narrow annulus. 

In addition to the reality and positivity of p and A we assume that both of them and 
their ratio are not rational. Sometimes we take p and A to be sufficiently large. 

2 Integral formulae for solutions 

For non-negative integers i^i, • • • , satisfying 

TV = I/O ^ i/i ^ • • • ^ i/„-i ^ = 0, (2.1) 
we denote by 2^i^i,...,fc.„_i the set of all A^-tuples J — {Ji, ■ • ■ , Jjv) G (Z^o)^ such that 

#{r; Jr>j} = i^j- (2.2) 
For J = (Ji, • • • , Jjv) G Z^^^...^^^_^, we set 

^f/ = {r;Jr>J} (2.3) 
and define integers r^^ ,(0^j^n — 1, 1 ^ m ^ uj) as follows: 

^/ = {riir--:rl^,}: < ■ ■ ■ < r^. (2.4) 

We have, in particular, r^,^ — m. 
Now we set 

A, ■ ■ ■ , (^n) = Skew„_i o . . . o Skewi5y\{7,,^}; A, • • • , /3^), (2.5) 
^j\{W;/9i,---,/9iv) 

n— 1 Ott? 

= n { n sh -(7,,^, - 7,,^ - — ) n {e-f (^^■--^^•-•-(--•-)) 

j=l l^m<m'<i^j P ^ m=l 
X Y[ sh-{-fj^rn- Jj-l,m' -\ ) H sh - (7^- ^ - 7j_i,^/ )||(2.6) 

m I m ' 

The notation in the above formulae is as follows. The operator Skewj is the skew- 
symmetrization with respect to the variables {■yj,m}m=i,-,i^j' 

Skew^X(7^- 1, • • • , 7j- ^.) = ^ (sgn ct)X(7j- ^(i), • ■ ■ , 7j>(v,)). (2.7) 
The integer m*{J,j,m) is uniquely determined by the condition 

'^j^m = '^/-l,m*(J,j,m)> (2-8) 



and 7o,m = Pm- We abbreviate ti'j'''({7j,m}; A, ■ ■ ■ , /^tv) to Wj'\i3i,---,i3n) when the 
dependence on the abbreviated variables is irrelavant. 
Set 

Ht,u^.Af3u---,f3N)= E Cw^f\Pu---,M- (2.9) 



In the following, we define a pairing between 



w^f ^^it,u..,iPir--,PN) and wf^ e J'i^l..^,^_^{Pu ■ ■ ■ , Pn). (2.10) 



We use 



where 5*2(0;) = S'2(x|p, A) is the double sine function with periods p and A. 
For J, J' e Z^^...^y^_^, we set 



'n-l Vj 



^7i,mP^({7j,m};A,---,/?7V;/^l,---,/^n) 

j=l m=l ■'^3 j 

X 4'H{7,,m}; A, ■ ■ ■ , /?iv)4'H{7,,m}; A, ■ ■ ■ , /5^)- (2.12) 
Here the function K is defined by 



^({7i,m};/3i,---,/3iv;/^i,---,/^n) = e''^^=o™=i 

X 11)11 n ¥'(7i,m-7i-l,m') n V^(7i,m - 7j,m') [ , (2.13) 

where /xq = 0. We say the variable 7^,^ belongs to the point rj^m- Then, Jy is the number 
of integral variables which belong to the point r. 

The contour Cj for 7j,rra, ('^ = 1, ■ ' ' 5 ^j) is a deformation of the real line {—00^ 00) 
such that the poles at 

7j_i,m' \- pi^^o + AiZj>o, 7j-m' H h p^Z^o + AiZ^o (2.14) 

are above Cj and the poles at 

7j_i,m' H P^Z^o - AiZ^o, lj,m' P^Z^o - AiZ^o (2.15) 

n n 

are below Cj, where 7o,m = /5m. 

These conditions are not compatible if all the poles really exist. Pinching of the inte- 
gration contours by poles occurs for each triple of variables 7i,mi5 1j,m2i 1j—i,m- 

However, 

we can improve the definition ( p.l2| ) as follows. We have that 



E (sgn a) (sgn (t') ( H H / c^7j,m | i^j,j',a,a'({7i,m}) 



n-1 

where a = (ai, ■ ■ ■ , cr„_i) G S^, x ■ ■ ■ x S,,„_, , sgn cr = J] (sgn o-j) and 

i=i 

i^J,J',<7,a'({7i,m}) = i^({7i,m}; A, ■ ■ ■ ,/5iV;/^l, ■ ■ ■ ,Atn) 

X H{7j,a,(m)}; A, ■ ■ ■ , ^n) ^J^H{7jV,(m)}; A, " " " , /^Tv) • 

A partial integrand -Fj,j',o-,o-'({7i,m}) does not have poles at some points ( p.l4| ) and 
( p.l5| ) because of the zeros of f?j''*({7j,o-(m)}; A, ■ ■ ■ , /^a^)- So, given J and a there is 
a choice of integration contours C^^'"^ satisfying the required conditions for the actual 
poles of -Fj,j',o-,o-'({7j,m}) for arbitrary J', cr'. Similarly, given J' and a' there is a choice 
of integration contours Cj^(^ji^„i) satisfying the required conditions for the actual poles of 
Fj,j\a,a'{{lj,m}) for arbitrary J, cr. Finally, one can easily check that the integrals of the 
term -Fj,j',CT,CT'({7i,m}) over the contours cj'^'"^'* and over the contours Cj,(j/o-') are equal. 

In this paper we assume that p and A are large positive. Then, as we will see in the 
next section, there is a region of the parameters /ii, ■ ■ ■ where the integral ( |2.12| ) is 
absolutely convergent (see (^^ )). 

Consider the vector representation V of sin '■ 

n-l 

V = © €vj. (2.16) 



Theorem 2.1 For J G Z^^^...^y^^_^, we set 



fj= ^(^Ir\^?Vj'> '^here vj>=Vj'^ 



(2.17) 



Then fj is a solution to (\l-4\ )- 
Proof. For J = (Ji, ■ ■ ■ , J^) G Z, 



we set w 



(p) 



Wj'K In the same way as 



the proof of Lemmal and Lemma 3 in ||MT2|| , we can show the following formulae: 

= E ^^"HA - A+i)t^:>£-,JLJ^.-,J.(/^i' ■ ■ ■ ' A' A+b ■ ■ ■ ,/?7v),(2.18) 

n9^fU,-,j^., (Pn, a, ■ ■ • , /3^_i), ^W(A, ■ ■ ■ , pn))^,^^,.,, 

= e-'^''-"^+'I{g'fl.j^{Pi, ■ ■ ■ , Pn-1, Pn), w^^\P,, ■■■,Pn)), (2.19) 

where w^'^^ G y„_i(/3i, ■ ■ ■ , Pn) and the left hand side of ( P^.19| ) is understood as the 
analytic continuation of the integral. It is easy to prove Theorem |2.1j from (|2.18|) and 

(iH). □ 



We note that the weight of the solution i/jj is given by 

n 
3=1 



(2.20) 



Now we set 

J,J'G2^i/^,...,i/^_^ 

where 

n 

Then is the fundamental matrix solution mentioned in Section 1. 



3 Determinant formula for the solutions 

In the following sections we calculate the determinant 

The result is as follows. 
Theorem 3.1 



det {l{w^f\w^P: 



2 "''l.--.''n-l"'^Ai,--,A. 



^.exp((iV^-iV-2)(i4)^A«,0 



A''",....A„E(i-l)A.- 



l<r'<r<n I a=0 



.52(/ir-/U,/ + ^(A, + A^'-2a))^ 



27r \ \ Ai,---,An 



X 



where 

n-l 

A(o) -( ^ ] a(^) - y ( 

Note that 

Am a /P'^ + M = f ^ 

^' ' "/ V A,. / \ Ai, • • • , Ar'-l, Ar-z+i, • • • , Ar-l, Ar+l, • • • , A„, Ar' + Ar 



is a positive integer. 

First, we determine the dependence on j3i, ■ ■ ■ , (3^ of Z^Ai,- -,a„- From Theorem 
find that 



we 



^ Jet At'(ft.---.,3.). (3.4) 
J>..-,>„(ftr--,fe-pV-./3.) ^ det (3.5, 

-f^Ai.-.A^lPl, ■ ■ ■ , Pm, ■ ■ ■ ,PAfJ Ai,--,A„ 

Here detAi,...,A„ Km stands for the determinant of the operator which is a restriction of 

n 

the operator to the weight subspace of the weight J2 ^j^j- 



Using formulae ( |1.1|) and ( |1.2| ), we have 

det K^J:\P„ ■■■,P^)= exp (-^ £ f f - ^ 

Ai,- -,A„ \ p yAi, ■ ■ ■ , Aj — i, ■ ■ ■ , A„ 



s A (2) 

/-^ sh^(/j^-/j^,-Az + ^) sh^(/j^-/j^, + ^) \ 



Now we set 



= exp(- 



X 



n c o\ 2". • (3-7) 



52(^(/5.-/5.)-f) 



Then by using ( |6.3|) we can check that £'ai,---,a„(/3i, ■ ■ ■ , /Sat) satisfies (|3^ ) and (|3 
Therefore, we have 

Proposition 3.2 

^Ai,-..,A„(/3l, ■ ■ ■ ,/5iv) = CAi,...,A„(yUl,- ■■,/^n;P, A)£'ai,...,A„(A,- ■■,/5iv), (3.8) 

where cai,...,a„(/^i, ■ ■ ■ , /^n! P, A) is a constant independent o//?i, ■ ■ ■ , Pn- 

In order to determine cai,...,a„(pi, ■ ■ ■ ,Pn; P, A), we consider the asymptotics of D/E 

as 

A < ■ ■ ■ < /?7V • (3.9) 

This is in the next section. 



4 Asymptotics of the solutions 

First, we consider the asymptotics of Z^Ai,- -,a„- 
We denote the set of variables 

lj,m (O^j^n-1; l^m^z/,) (4.1) 



by 7. Fix a set of permutations cr = (ai, . . . , dj E S^^ {1 ^ j ^ n — 1). We use 

(To = id. We denote 



7j,a,im) (0 ^ J ^ n - 1 ; 1 ^ m ^ z/,) (4.2) 



by 7<7- 

Consider 



Fj,jv(7) = ir(7)^7j(7)^7J'(7a), (4.3) 



where -^'(7) is given by ( p.l3| ). 

In the following, we use the abbreviation Pij = Pi — (3j. 

Proposition 4.1 Suppose that /5i < ■ ■ ■ < /3„ and 'Jj,m's are all real. If X is sufficiently 
large, then there exist positive constants e, C, k independent of the variables P and 7 such 
that the following estimate holds. 



\Fj,J',a\ < Cexpi^-K \lj,m- lj-l,m*{J,j,m 



^f 



X exp( — {l-Sj^,jJPsr + ^T.f^Jr+iPr) (4.4) 



27r 27r 

— (Pj+i - /ij) > £, — (/i„ - /ii) < ne. (4.5) 



Proof. Throughout the proof, we set rj^rn = ^j^m- We define new variables 7 by 

1j,m = 7j,m + Pr,,^. (4.6) 

Note that 7o,m = 0. From (3^), we have 



fx J2 (.H + l-Hhj.rn fx J2 (.H + l-H)'rj.m + JX J2 t^Jr + 10r 

e ^ = e ^ 



|^(7i,m -7i-l,m')l ^ const. €^^^^ + ^ + ^^'''^■''""^^■-^''"'+^"^■•'"'■^-1.-'', 

\H7j,m-lj,m')\ ^ const, e'^^^'^^"^^'^^''""^^'™'"^'^''^-'"''^.'-'', (4.7) 

" 77 (7j,m~7j — l,m* ( Jj'.m)) 



l^j(7)l ^ const. n { n ^ 



X 

1 ^ ^ 1/ J 



\gj'{^.)\ ^ const, n n 



X n 

Therefore, we have 



f l7j.m-7j,m'+A-j,„rj._^,l I 



JK J2 (M3 + l-Mj)7j,m + ff J2 MJr + l/3-~ 



\Fj,j',a{l)\ < const, e 



l^jXn-l 



X 



g-7€(7i,m-7j-l,m*(,/J,m)) 

J n — 1 



Here 



(m* (J' .j.m)) 



^(x) = x + (4.10) 



We apply -|A + 5| ^ \A\ - \B\ to the second hne of (^), and |v4 + 5| ^ \A\ + \B\ 
to the third hne. Then, we use 

E = E (2min(J,,J,) + l-5j,,jJ/?,„ (4.11) 

E \Pr,,^r^J = E min( J,,, J,)/?,,. (4.12) 

1 ^ m<m' ^ i-'j- 

We ignore the last line of ([4.91). After all these steps, it is enough to show 

-T E - ^i)7j,m + ^ E l7i,m -7i-l,m'| 

\ - - E ^(7i,m - 7i-l,m*(J,j,m)) 

1 ^ m < m ' ^ j 1 ^ m ^ I' J 

< E \lj,ni-lj-l,m*(J,j,m)\- (4-13) 

1< m< /y^ 



The left hand side is not larger than 



^2 { (A''imax(J,i,m)+l f^j)ilj,m lj-l,m.*{J,j,m)) 



1< m< 



1 



\ l7i,m 1j-l,m*{J,j,m)\ ^{lj,m 1j-l,m*{J,j,m))\i 

pA p 



where 



K 



2n^ 

n 



1^ m<m' ^ 1^^' 



and 



jmax(^,j, m) = max{ j'; rj.m e A/"/}. 



Choose e, K so that 



ne -\ — ; — 



K 


2tt 




p 


6 — 


K 





< — K, 



> K. 



This is possible if 



2K 271 
pX p ' 



Then, the estimate (|4.13| ) follows from (|4.1CI|) and ( [4 .51) . □ 

For J e we set 

27r2 



exp 



2ti 



N 



The following is an obvious consequence of Proposition WX 



(4.14) 



(4.15) 



(4.16) 

(4.17) 
(4.18) 

(4.19) 



(4.20) 



Corollary 4.2 The integral i\2.13i ) is absolutely convergent. The convergence is uniform 
in the variables P if we multiply Pj to the integrand. 



Define a partial order in ^j^^,. 

J ^ J' if and only if H h J^v ^ H h for all r . 



(4.21) 



Proposition 4.3 // J ^ J' , then we have 

liKl/3i<--«/3jv 



(71—1 \ 
n n / ^7,,m i^j,Jv(7)=o. 
i=l m=l •^C'^ / 



(4.22) 



Proof. We follow the estimate in the proof of Proposition |4.1| . When we go from 
to ( |4.13| ), we dropped the last line in (^4.9| ). This time we use that term. Namely, we can 
claim that (|4.22|) holds unless for some a = (ai, . . . , cr„_i) 



r < r 

' j,aj{m) \ ' j-l,(7j_i(m*(J',j,m)) 



holds for all j and m. This is clear because 

^{x + y) = 2{x + y) if y > -x . 



We show that ([4 .231) implies J ^ J'. This will complete the proof. 
First we prove 

^Ljim) ^ rfm for all m 



(4.23) 
(4.24) 

(4.25) 



by induction on j. The case j = is obvious. Suppose that ( [4.25 ) is true for j — 1. Then 
we have 



j,<Tj{iri) ^ j — (7j_i (m* (J'j,m)) ^ j — l,m*(J',j,m) j,m' 



Therefore, ( [4.25|) is true for all j. It follows from ([4.25|) that 



rim ^ rfm for all j, m . 
Finally, we prove J ^ J'. This is clear because 



Jr + --- + JN = #{(j, my,rl^ ^ r.} 



(4.26) 
(4.27) 
(4.28) 



The proof of Proposition 4.3 is over. □ 



This proposition shows that in the asymptotic limit the matrix (^I{wj'\w^jl^)^^^^ is tri- 



angular. 

We have also 

Proposition 4.4 



lim 



/3i<-</3iv 



(n— 1 \ 
n n / di,,m fj,jAi) = 
j=l m=l •''^J / 



(4.29) 



unless aj = id for all j. 
Proof. Suppose that 



' j,aj{m) ^ ' j-l,(Tj_i(m*{J,j,m)) 



for all j, m. From the proof of Proposition we have 



'^j>,{m) ^ r'lm for all j,m. 



(4.30) 
(4.31) 



This implies that cxj = id for all j. □ 
Define 



z/. 



#{s G A/;^; r < 4 , 4" = #{s eU';r> s}. 



(4.32) 



From (|6^), we have 



Proposition 4.5 



lim/3i«-«/3iv^J I n n / C?7i,m i^J,J,id(7) 



i^i;;:-^. n GjMr, ■ ■ -r/n,) (4.33) 



where 



k 



= J] y ^ n ¥^(7, - 7,-i)e , (4.34) 



= ^^j + z:Y.^i^j:r-^j~l,r)-^j,Jr+l^^^■ (4.35) 



/n the above formula of Gk, 7o = and the contour Cj for 7^ is a deformation of the real 
line (—00, 00) such that the poles at 



77-1 1- pi'^>o + AiZ>o (4.36) 

n 



are above Cj and the poles at 



7T% 

H p^Z^o - AiZ^o (4.37) 



are below Cj . 



This proposition shows that in the asymptotic hmit the diagonal element I{wj'\wj)^) 
reduces to the one point functions Cj^ (1 ^ r ^ A^). 

Now we consider the asymptotics of Dai,- -,a„/-E'ai, --,a„- Hereafter we use the notation 
~ as follows: 



f{Pu---,PN) ^ 9{Pu---,Pn) lim^,«...«^^ <^ — — 

i 9{Pi, ■ ■ ■ ,Pn) 



1. (4.38) 



From (16.11), we have 



N 



1 l\ 27tH 477^ 



We note that 



n Pj (4-40) 



Hence we find 

-£^Ai,---,A„(/5l, ■ ■ ■ , Pn) 

'1 l\ 2nH 



(- ^ ^^S...,..) det (P./(.-S". (4.41) 



From Propositions |4.3|, |4.4|, and |4.5|, we see that 



det (Pj/(wy\wi-)^)) , ~ n (the right hand side of (4.33)). (4.42) 



Therefore, we get 
Proposition 4.6 



CA,,.,A„(/ii,---,/^n;p,A) = 2 ^-1— lAi'',',.,.^ (443) 
X exp ((iV^ - AT - 2) f i + 1) ^ Ag)...,,J J] ft G..(/l(., ■ ■ ■ , Z^;:,) • 
Proof. Note that 

= Ai°)...,,„. (4.44) 

We get the term 

exp((iV^-iV-2)(l + i)^Alt.,0 (4.45) 
by using the following formulae: 

n—l -j^ / n 



E{^,(^,-i - 1) - ^^,(^, - 1)} = ^ - E 



1 



n 



N'-Y: X] 1 Ai?,...A„ = N{N - l)AgV,,„. (4.46) 



□ 



5 Proof of Theorem |S7l| 

First, we find an explicit formula for GkifJ'i, ■ ■ ■ , /in). We set 

k 



i^fc(a;i, ■ ■ ■ , a;fc) = n / t^7j H <^(7j - Tj-Oe" 



(5.1) 



where 70 = 0. Then we have 

GkifJ'l, ■ ■ ■ , /in) = Hk{fik+1 — /il, ■ ■ ■ , /ifc+l — /ifc). (5.2) 



The integral (|5.1| ) is absolutely convergent if 

< ^^ + -, (j = l,---,n). (5.3) 
In 

By changing the integration variables 7-,- to 

% = 7i-7j-i, (j = l,---,?^), (5.4) 

we can see that ^ 

Hk{xi,- ■ ■ ,Xk) = WH{xj), (5.5) 



where /■ 22;^^ 

Hix) = / duLfiu) ep^^^. (5.6) 
c 



In the above formula, the contour C is a deformation of the real line (—00, 00) such that 
the poles at 



TTZ 

h piZ^o + XiZ^o (5.7) 

n 



— piL>Q — AiZ>o (5. 
n ^ ^ 



are above C and the poles at 



are below C . 

The explicit formula for the function H is obtained in ||MT1 
Proposition 5.1 

rp\ g,(a; + g±A-^ 
'52(-^)52(a; + 4^ + ? 



From d^), d^) and (|;|), we get 
Proposition 5.2 



G.(/.i,---,/^n) = (^:f^) n c ; : A ^ : • (5-10) 



Now it remains to calculate 

N 

n ^GjXKr.---r^ir)- (5.11) 

We set 

Mj]^ = #{r; J, =j,k< r}, M/)" = #{r; J, = j, > r}. (5.12) 

Note that 

n n 

Y.Jr = Y.U-l)Xj. for all JgZ,,,.,,_,. (5.13) 

r=l j=l 



From (|4.33| ) and (|5.10|) , we have 

N 



n 



where Z)// ^ ^ is given by 



n 



(5.14) 



l<r'<r<n J&Z, 



e=± 

for k satisfying + 1 = r. 
Now we rewrite 

n 



n 



^2(/i.-/i.' + ^P/v,,-l)) 



. ^2(/X.-/ir' + ^P.%,fc + l)) 

Jfc + l = r 



Let us consider the following set: 



(r',r) 



(j,fc) 



where U means a disjoint union. For a G Z, we set 

muh^'^'-'^V) = #{i e = a}. 

Then we have 



^ X mult('''''')(a)-mult('''''')(a+l) 

(5.16) = n "^2 ( /^r - ^^r' + ~ ~ 2a) j 



aSZ 



We can show 

mult^'^'-^'Ha) - mult('''''^Ha + 1) 

(0) / Af ~l~ Ay' \ / I Ar ~l~ Aj-' 



(5.15) 



(5.16) 



(5.17) 



(5.18) 



(5.19) 



-A 



^''■■■'^-\Xr + a )/ \ A, 

Ar + A,.' \ I ( \r -\- Xr' 



a(0) 

0, 



—\r ^ a ^ min{— 1, A^ — A^'}, 

max{0, Ar' — Ar + 1} ^ a ^ A^ 
otherwise. 



This completes the proof. □ 



Appendix 

Here we summarize the property of the double sine function S2{x) = S2{x\uJi, U2) follow- 
ing [gg. 

We assume that Re ui > 0,Reto'2 > 0. S2{x\uJi,U2) is a meromorpic function of x 
and symmetric with respect to u!i,u!2. Its zeros and poles are given by 

zeros at X = cjiZ^q + ^2^^o > poles at x = cJiZ^i + u;2Z^i . 

Its asymptotic behavior is as follows: 

log52(x) = ±J-^- x-^(^ + ^ + 3]]+o{l) , (6.1) 



(x — s> 00, ± Im X > 0) . 

This implies that 

log 5*2(0 + x) 5*2 (a — x) = ±7Ti — ^x + o(l), (x — > 00 , ±lmx>0). (6.2) 

UJ1UJ2 



The following formulae hold: 

S2(X + iUi) 1 



S2(x) 2sin^ 

\/UJiUJ2 



(6.3) 



TTX ' 

S2{x) = ^ x + 0(x^) (x^O). (6.4) 
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